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Early history of a new branch of mathematics; chaos

● The study of chaos was enabled by the invention of the computer
○ As early as the 1890s, Poincare’ had found some evidence of its existence when studying orbits

● In the early 1960s its implications for weather prediction were found by Ed Lorenz of 

MIT (more on him coming up)
○ The ‘butterfly’ effect is attributed to Lorenz

● Currently chaos theory remains an area of research involving many different 

disciplines 
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● Mathematics  
● Topology  
● Physics  
● Length of a coast line
● Social systems  
● Population modeling 

● Biology  
● Meteorology  
● Astrophysics  
● Information theory  
● Computational 

neuroscience



The definition of chaos
● A nonlinear but deterministic relationship between 

input and output
○ Note that although we will see output that looks random, that 

is not the case

○ Outputs from chaotic systems are deterministic (same result 

each time but highly sensitive to initial conditions)

○ Lorenz says “Chaos: When the present determines the future, 

but the approximate present does not approximately 

determine the future.”

● Tiny changes in input can lead to dramatic changes in 

output

● Why study this? 
○ Because nature is inherently non-linear

○ Emphasis in education is on solutions to linear systems but 

some attention should be paid to more realistic models https://en.wikipedia.org/wiki/File:Double-compound-pendulum.gif 

A double rod pendulum animation shows 
chaotic behavior. Starting the pendulum 
from a slightly different initial condition 
would result in a completely different 
trajectory. The double rod pendulum is 
one of the simplest dynamical systems 
that has chaotic solutions.

Chaos theory - Wikipedia. 

https://en.wikipedia.org/wiki/File:Double-compound-pendulum.gif
https://en.wikipedia.org/wiki/Chaos_theory#:~:text=This%20behavior%20is%20known%20as,not%20approximately%20determine%20the%20future


The concept of recursion

● Consider a simple system; a rancher 

with rabbits

● The rabbits produce one pair of 

offspring per year

● We want to know how many breeding 

pairs we have in an ideal setting where 

there are no predators, no disease, 

plenty of food and water, etc.

● At the end of the first year, we have the 

original breeding pair, plus the first pair 

of offspring. So, 2 breeding pairs.

● Each produce one breeding pair in the 

next season so we now have 4.

This process continues until the number of 

rabbits is limited by the available food, 

predation and other factors that limit 

number of offspring that will mature and 

produce their own offspring. 
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The Logistics Function is 
widely used to characterize 
the limits of dynamical 
systems

● Its simplest form is the so-called sigmoid, first 
introduced in the early 1800s.

● The logistic function finds applications in a range of 
fields; in this lecture we focus on population 
dynamics.

○ Other fields include
■ Spread of disease
■ Heart attacks
■ Weather prediction

● A convenient way to analyze its behavior is to take 
its derivative (slope) to generate the logistics map.

Logistic function - Wikipedia 

The logistic function conveys a sense of population as a 
function of time

● The logistics map captures the rate of increase of 

population

● It is the derivative of the logistics function

● Low values when the population is low

● Low values when the population is reaching the limits of 

the environment

Growth rate

https://en.wikipedia.org/wiki/Logistic_function
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A simple version of the logistics function leads to a 
parabola for the logistics map

The logistics map with 

different values of 

breeding success

Where the subscripts n indicate each 
generation of animals

A simple logistic 

function
r=3

r=4

We will see later than virtually any shape like 
this logistics map results in the same type of 
behavior. This is known as universality.



The logistics function implies an ‘s’ curve for population 
as a function of time



Iteration of the logistic map can be demonstrated with 
two very simple curves; no math required

A B

● Start with any number, 

indicated by x=A
● Use the formula for the 

parabola y=rx(1-x) to compute 
the value at A

● In this case, r=3 and A=0.04
● After 10,000 iterations, two 

values emerge for y; 0.66431 
and 0.66901 eventually settling 
on 0.666…

● You could lay down the 
length of the vector y(A) 
horizontally and repeat the 
process BUT it is easier to do 
this is graphically.

● The diagonal line equates x 
and y so going horizontally 
gets us to B

● Now repeat the process

A little experimentation shows that the 
result does not depend on the starting 
point
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When r<1
● The line and curve only intersect at 

zero, so no matter where we start we 

are driven to zero

● Here we start around 0.8

Calculus interlude
This can be shown to be true by considering the slope of the curve

f(x)=rx(1-x)
f’(x)=r-2rx

So the maximum slope occurs when x≅0
f’(x)=r

If r<1, f’<1, the curve and the line only touch at x=0
If r>1, f’>1 and the line and the curve must intersect at 2 places



When 1<r<3 the iterations take us to the single point of 
intersection of the line and curve

The 
underlying 
math for this 
simple case

● The angle 𝛽 of 
intersection of the 
logistics map and 
the diagonal line 
are critical to 
recognizing how 
the system will 
evolve.

● Above r>3 things 
get strange!

𝛽 
obtuse

𝛽 right 
angle



Some animations help show the details



Population vs. time depends on the reproduction rate of 
the logistics function Logistics Function Tool

https://www.wolframalpha.com/input?i=logistic+map+for+r%3D%5B%2F%2Fnumber%3A2.8%2F%2F%5D+and+x%3D%5B%2F%2Fnumber%3A0.2%2F%2F%5D


More explorations of r

From Boehm Attracted by (STRANGE) Attractors 

Note that this 
case never 
stops producing 
new values!

Red lines 
indicate that no 
new values will 

occur. The 
growth rate 

and the 
population are 

bounded.

https://rfdz.ph-noe.ac.at/fileadmin/Mathematik_Uploads/ACDCA/materialien/attractors_new.pdf


Trajectory for r>3
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● Finding algebraic solutions for a 
situation like this is complicated.

● The best approach is numerical 
solutions 

● Here’s the basic approach using 
the logistics map f(x)=rx(1-x)

○ f(x1)→x2
○ f(x2)→x3
○ f(x3)→x4
○ f(x4)→x1

● Therefore
x1 = f(f(f(x1)))

● Which requires solving a 4th order 
polynomial for the 4 values of 
intersection

● Note that β is now acute

β



A better way to draw these results is shown below; bifurcation 
appears at about r=3, again at 3.45, again at 3.54. 

It’s hard to see here, but within 
these white spaces, there 
repeats of this entire image. 
More on this later.

The bifurcation locations are computable with an increasing 
level of complexity. 



We can see more detailed views of the ‘white space’ by 
using an online tool

Bifurcation Diagram of Logistic Map 

Heinz-Otto Peitgen Hartmut Jürgens Dietmar 
Saupe
Chaos and Fractals

New Frontiers of Science Second Edition

©2004 Springer-Verlag New York, Inc.  

Demonstration of 
Bifurcation

https://brain.cc.kogakuin.ac.jp/~kanamaru/Chaos/e/BifArea/


Bifurcation of the sine map

Blue is the Sine map
Red is the Logistics map

https://drive.google.com/drive/folders/1PcSZXCSNmrU3t5iNW8xlXRElbnaDZpcs 

https://drive.google.com/drive/folders/1PcSZXCSNmrU3t5iNW8xlXRElbnaDZpcs


Bifurcation 
diagrams for 
other maps

https://upload.wikimedia.org/wikipedia/commons/3/3a/TentMap_B
ifurcationDiagram.png 

Orbit Diagram for Cx 2 (2 - x 2 ) 

f(x)=Cx exp(x)

f(x)=(Cx if x <=1/2, C(1-x) if x >= 1/2

http://math.bu.edu/DYSYS/applets/bif-dgm/Cubic.html

f(x)=Cx(1 - x2/3)

http://math.bu.edu/DYSYS/applets/bif-dgm/Tent.html

http://math.bu.edu/DYSYS/applets/bif-dgm/XExp.html 

https://upload.wikimedia.org/wikipedia/commons/3/3a/TentMap_BifurcationDiagram.png
https://upload.wikimedia.org/wikipedia/commons/3/3a/TentMap_BifurcationDiagram.png
http://math.bu.edu/DYSYS/applets/bif-dgm/Quartic.html
http://math.bu.edu/DYSYS/applets/bif-dgm/XExp.html


1.3 Universality – The Chaos Hypertextbook 

http://hypertextbook.com/chaos/universality/


Comparison of tent (t), sine (s) and logistics (L) maps

Chaos Under Control: The Art and Science of Complexity by David Peak

https://www.amazon.com/David-Peak/e/B001KE6Q3A/ref=dp_byline_cont_book_1


An interesting early example; fish

● This expression was given by W. E. 
Ricker (1954). It describes a discrete 
population model for fishery stocks. 

● This model emerged before the modern 
interpretations of chaos had been 
invented by Lorenz in 1963.

● A historical note on Ricker’s work 
(https://link.springer.com/chapter/10.1007/1-4020-5366-5_5) 

mentions his famous fisheries handbook 
of 1958 (Handbook of computations for biological statistics of 

fish populations) but no mention of chaos (still 
early in its development in the 50s) 
appears in the book.

● https://demonst (Handbook of computations for biological statistics of fish 
population(rations.wolfram.com/DiscretePopulationModelForFisheryStocks/#popu
p1

● Ricker model - Wikipedia  
● https://demonstrations.wolfram.com/DiscretePopulationModelForFisheryStocks/ 

https://link.springer.com/chapter/10.1007/1-4020-5366-5_5
https://waves-vagues.dfo-mpo.gc.ca/Library/10161.pdf
https://waves-vagues.dfo-mpo.gc.ca/Library/10161.pdf
https://demonstrations.wolfram.com/DiscretePopulationModelForFisheryStocks/#popup1
https://waves-vagues.dfo-mpo.gc.ca/Library/10161.pdf
https://waves-vagues.dfo-mpo.gc.ca/Library/10161.pdf
https://demonstrations.wolfram.com/DiscretePopulationModelForFisheryStocks/#popup1
https://demonstrations.wolfram.com/DiscretePopulationModelForFisheryStocks/#popup1
https://en.wikipedia.org/wiki/Ricker_model#/media/File:Ricker_bifurcation.png
https://demonstrations.wolfram.com/DiscretePopulationModelForFisheryStocks/


Feigenbaum noticed something called universality

Feigenbaum’s number

n µ x 

Example comparison of the logistics function and sine function 
n Period Logistics     logistics Sine sine
1 2 3.00000 0.71996
2 4 3.44949 0.83326
3 8 3.54409 4.65623 0.85860 4.47119
4 16 3.56441 4.66832 0.86408 4.62409
5 32 3.56876 4.66832 0.86525 4.68376
6 64 3.56969 4.66863

Sine Map 
Mitchell Feigenbaum, Physicist, Dies at 74; He Made Sense of Chaos - The New York Times 

http://young.physics.ucsc.edu/242/sinmap.pdf
https://www.nytimes.com/2019/07/18/science/mitchell-feigenbaum-dead.html


The Lorenz water wheel and attractor

● Shows many features of the Lorenz attractor 
and the role of chaos in weather.
○ 4 Lorenz water wheel.mov 

● Phase diagram of the ‘other’ butterfly
○ Two "chaotic" solutions to the Lorenz system of 

equations start almost the same. 
○ Almost no difference (due to nearly identical initial 

conditions) between the trajectories for time less than 
20. 

○ The difference is clear for times greater than 25. 
Trajectories are "chaotic" so it is impossible to predict 
which equilibria solutions are circling at a given time, 
t.

○ 5 Lorenz Attractor.mov 
○ Video and most of the discussion is from Prof 

Jonathan Mitchell, Steven F. Austin State University, 
Nacogdoches, TX

The Lorenz attractor equations are 
deceptively simple

Lorenz system - Wikipedia 

https://drive.google.com/file/d/1uFM3t8FaG8X6sHgIXQVPUqRzEuHLQHQj/view?usp=drive_link
https://drive.google.com/file/d/10XZBj0qBmm3nIlw81jDxu5O4CIcTnXlM/view?usp=drive_link
https://en.wikipedia.org/wiki/Lorenz_system


The Mandelbrot Set



The Mandelbrot set results from exploring recursive 
mathematics in the complex plane



The math is simple but ‘complex’ since it involves 
imaginary numbers

https://www.youtube.com/watch?v=NGMRB4O922I (basic math of Mandelbrot set 
https://www.youtube.com/watch?v=oCkQ7WK7vuY (relation of Mandelbrot set  to Julia set)
https://www.youtube.com/watch?v=d0vY0CKYhPY (relation of Mandelbrot set to pi)

● We’ll be using complex numbers
● Each point in the complex plane at right represents a complex 

number
● The Mandelbrot set explores the iterated value of an 

equation, starting with a first value of zero
● The equation is

f(z)=z2+C

● Some experimentation shows that if C is 1, the values of f 
increase without bound.

● Similarly C=-1 produces results that oscillate between -1 and 
0

● The Mandelbrot set shows the points for which the iterated 
value never exceeds 2.

https://www.youtube.com/watch?v=NGMRB4O922I
https://www.youtube.com/watch?v=oCkQ7WK7vuY
https://www.youtube.com/watch?v=d0vY0CKYhPY


Interesting things 
happen at the edges. 
These are places 
where the set 
eventually evolves to 
infinity. Continued 
‘zooming in’ reveals 
these details.

Building a Mandelbrot set



Related points of the 
logistics function and the 
Mandelbrot set

Mandelbrot zoom in 

Logistics and Mandelbrot.mov 

https://drive.google.com/file/d/1e3S9Rz248wlCoRUCYQT7CkRcX9benU24/view?usp=sharing
https://drive.google.com/file/d/1sQuJbCWNAdDi7_hXGK_pSaD9uXZJfMjr/view?usp=drive_link


Finis 



Key resources

1994

1987

1992

The book was published in 1985. 
The article pertinent to chaos 
was published in Scientific 
American in November, 1981
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Additional examples



Fractal dimensions
● A fractal dimension captures the 

complexity in a pattern. 

● A fractal pattern changes with the scale at 

which it is measured. 

● A coastline's measured length changes with 

the length of the measuring stick used.

● “In some sense, fractal geometry is first and 

foremost a new ‘language’ used to describe, 

model and analyze the complex forms 

found in nature.” Heinz-Otto Peitgen Hartmut 

Jürgens Dietmar Saupe Chaos and Fractals New 

Frontiers of Science Second Edition 

https://en.wikipedia.org/wiki/Fractal_dimension 
https://en.wikipedia.org/wiki/Coastline_paradox 

https://en.wikipedia.org/wiki/Complexity
https://en.wikipedia.org/wiki/Pattern
https://en.wikipedia.org/wiki/Fractal
https://en.wikipedia.org/wiki/Scaling_(geometry)
https://en.wikipedia.org/wiki/Fractal_dimension
https://en.wikipedia.org/wiki/Coastline_paradox


Description of a Chua circuit kit

G. Gandhi, Gy. Cserey, J. Zbrozek and T. Roska: "Anyone can build Chua's circuit: 
Hands-on-Experience with Chaos Theory for High School students", International Journal 
of Bifurcation and Chaos, Vol. 19, No. 4 (2009) pp. 1113-1125.

https://www.youtube.com/watch?v=bxQr8ql0Hz8

https://inst.eecs.berkeley.edu/~ee129/sp10/handouts/Chu
asCircuitForHighSchoolStudents-PREPRINT.pdf 34

https://inst.eecs.berkeley.edu/~ee129/sp10/handouts/ChuasCircuitForHighSchoolStudents-PREPRINT.pdf
https://inst.eecs.berkeley.edu/~ee129/sp10/handouts/ChuasCircuitForHighSchoolStudents-PREPRINT.pdf


A practical example: Duffing’s equation

● Duffing studied the behavior of harmonic oscillators 
with a non-linear component

● He derived the equation above to explain behavior of 
vacuum tubes

● This models, for example, a spring pendulum whose 
spring's stiffness does not exactly obey Hooke's law

● Periodic behavior is found for a wide range of driving 
force amplitudes (measured as 𝛄) except for the case 
of 𝛄=0.5, where things are chaotic. A slightly higher 
value restores periodic motion.

https://en.wikipedia.org/wiki/Duffing_equation 

https://www.youtube.com/watch?v=N8x_HluzDII
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https://en.wikipedia.org/wiki/Spring_pendulum
https://en.wikipedia.org/wiki/Stiffness
https://en.wikipedia.org/wiki/Duffing_equation
https://www.youtube.com/watch?v=N8x_HluzDII


When r=3 we see 
the first evidence of 
bifurcation (period 2)

● When the angle of intersection of the line and curve becomes 90 deg, we get a 
stable ‘orbit’ with 2 values

● The intersection of the line and curve can occur at a 90° angle (such as for r=3) 
at the same place

● In this case, we can expect 2 x values to persist

-
36



r=3.2

Calculating the x 
boundaries for period 2

● When the r is big enough, we get a stable ‘orbit’ with 2 values shown as x1 and x2
● The following equations define how we get two values: the output of the first iteration 

(x2) yields a value that leads back to x1
● Thus, the results oscillate between the 2 values
● Solving requires dealing with a cubic equation; we get three values

● We can use this cubic equation to do an example for r=3.2
● We get three values
● The first 2 show the two x values that are solutions for r=3.2

● The third solution shows the location of the intersection of the two curves (at 
the location of the circle in the graph

1

Note that the equation is also cubic in r. What value of r results in a single value of x? Hint: look at a particular 
previous graphic in this presentation. From it you can get the solution without doing any math, then check 

your answer.

r=3.2

Right angle at the 
point of intersection 

when r=3
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A 3d look at the phase diagram of the Lorenz attractor 

lorenz .m4v

http://paulbourke.net/fractals/lorenz/ 

https://drive.google.com/open?id=0B2lUeYc5hYOxTW1HWHhrM3FmY2c
http://paulbourke.net/fractals/lorenz/

