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Nonlinear Systems ---- > Polynomial T-S Systems

Contexte & Motivation
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• L. Zadeh. Outline of a new approach to the analysis of complex system and
decision process. IEEE transaction on Systems Man and Cybernetic-part C,
3(1), p. 28-44, 1973.

• T. Takagi, M. Sugeno. Fuzzy identification of systems and its application to
modelling and control. IEEE Trans. on Systems, Man, Cybernetics, vol. 15,
no.1, p. 116-132,1985.

Polynomial T-S Systems : SOS Tool
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Contexte & Motivation

1. Controller & Observer Design

2. FDI-FTC
 Numerical tools : LMI & SOS
 Reduction of conservatism
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Nonlinear Systems : LPV, T-S Fuzzy

M. Chadli & P. Borne. Multiple Models Approach in Automation:
Takagi-Sugeno Fuzzy Systems. Wiley. p. 208. 2013.
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Contexte & Motivation

• f(t) : fault/sensor actuators
• w(t) : disturbances

fault

Plant Sensors

fault

Actuators

 Fault Detection and Isolation of faults (estimation?)

 How to maintain/enable a system to continue operating properly
in presence of faults (FTC) ?

 Avoid dangerous situations

Objectives:

  w(t)

Nonlinear Systems : Contexte
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• Integration of contraintes s.t. saturation, delays, 
..• Reconfiguration of control laws

Contexte & Motivation

Agent  
i: 1..4
Agent  
i: 1..4

 How Maintaining Security in the Presence of Faults: Example

+

Reference 
Model

Controller

Observer

++
NL 

System 
(TS,qLPV)

  w(t)
( )u t

( )rx t

ˆ( )x t
(̂ )f t

( )y t

( )f t
FTCu

D Saifia, M Chadli, et al. Robust H∞ static output feedback control for discrete fuzzy systems with actuator
saturation via fuzzy Lyapunov functions. Asian Journal of Control, 2019.
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LMI design conditions

TS Systems :
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Unknown Input Observer (UIO) :

Unknown Input Observer

Objective :
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Observer parameters:
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Performances : LMI regions

LMI design conditions

Unknown Input Observer
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Extensions : Unmeasurables variables, Disturbances

1. Unmesurable variables : continuous/discrete-time cases
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2. Polynomial TS system (SOS) :
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LMI design conditions
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• Estimation of state and unknown inputs (faults)

• Uncertainties

• Lyapunov Functions :
    y(t)  (C  C )x(t)
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M. Chadli, A. Abdo, S. Ding. H− » H∞ Fault Detection Filter Design for Discrete-time Fuzzy System. 
Automatica 2013. 



, ....iP P

Other approaches:

Unknown Input Observer



M. Chadli 12

Vehicle application: Experimental validation
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Vehicle dynamics and road curvature estimation for lane departure warning system
using robust fuzzy observers: Experimental validation.
Vehicle System Dynamics Journal, 2015. (PhD thesis of H. Dahmani)

Cryptography : Chaos synchronisation

M. Chadli, I. Zelinka, T. Youssef. Unknown inputs observer design for fuzzy systems with application 
to chaotic system reconstruction. Computers & Mathematics with Applications 66 (2), 147-154.

Unknown Input Observer
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• Findings :
 Observer for full frequency domaine only
 Results do not take into account the frequency domain of

the signals: Conservatism

d(t)

Observer (UIO)

Nonlinear System
u(t) y(t)

f(t)

In full frequency domain

ˆ( )x t

(̂ )f t

Unknown Input Observer : Limitation
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PhD thesis of A. Chibani (Nov 2016) : IEEE-TFS 2018, Automatica 2018

 Incorporate the frequency range of the external signals into the
synthesis conditions.

 Robust Estimation - Finite Frequency Domain (FFD)

d(t)

Observer (UIO)

Nonlinear System
u(t) y(t)

f(t)

Finite frequency domain (FFD) 

ˆ( )x t

(̂ )f t

The finite frequency
approach consists on
incorporating the
frequency range of
the external signals in
the design conditions

Finite Frequency Domain Approach

Objectives
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fonction de la fréquence des signaux externes

T. Iwasaki, S. Hara. Generalized KYP lemma: unified frequency domain inequalities. 
IEEE TAC 2005.

Full Frequency
Domain

Low Frequency
Ranges

Middle 
Frequency

Ranges

High 
Frequency

Ranges

according to the frequency of the external signal

 The finite frequency method generally leads to more efficient
results and less conservative conditions.

Finite Frequency Domain Approach
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Motivation : Vertical vibrations in frequencies between 4 Hz and
8 Hz are the most sensitive range for the human
body. (Norm ISO2361)

Finite Frequency Domain Approach
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Nonlinear System
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Multiobjective synthesis : FFD

Objectives :
 Incorporate the frequency range of the external signals into the

synthesis conditions.
 Robust Estimation - Finite Frequency Domain (FFD)

2 2
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2 2
( ) ( )r t f t



 Frequency of signal f(t) :

 Frequency of signal d(t) :
1 2
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d d d d d d         
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• Illustrative Example

d(t)

Nonlinear System
u(t) y(t)

f(t)

Fault Detection Filter

ˆ( )x t

ˆ( )r t y y 
(̂ )f t
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Multiobjective synthesis : FFD
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• For d≠0, H performance:
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Multiobjective synthesis : Preliminary results

The H performance :  
is garanteed in the middle frequency band 
if  there exist symmetric matrices P and Q >0  such that : 
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• For f≠0, H_ performance : 2 2
( ) ( )r t f t
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• Frequency of signal f(t) : { | }
l

l
f f f f f       

Multiobjective synthesis : Preliminary results

Lemma 2.

The H_ performance :  
is garanteed in the low frequency band 
if  there exist symmetric matrices P and Q >0  such that : 

2 2
( ) ( )r t f t
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 UIO-Multiobjective design :
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• Robustnesse to d(t)≠0 : minimise  such that
(H in the middle frequency domain).

• Sensitivity to f(t)≠0 : maximise  such that
(H_ in the low frequency domain).

• Estimation (IUO) :
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Multiobjective synthesis : FFD-UIO

• T-S systems
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 UIO-Multiobjective design :
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Multiobjective synthesis : FFD-UIO

 Aims to achieve:

1- For d=0 and f=0: the filtering error system is asymptotically stable.

2- for d≠0: the H performance from d(t) to r(t) is less than a given positive 
scalar  in the middle frequency domain.

3- for f≠0: the H_ performance from f(t) to r(t) is greater than a given positive 
scalar β in the low frequency domain.

• T-S systems



( ) ( ) ( ) ( )( )
( ) ( ( ) )) (

R d t F f tx t A x t B u t
y t C D t Hfx tt d

  
      



UIO structure:
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Multiobjective synthesis : FFD-UIO
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Sensitivity to faults - FFD

 Theorem : Sensitivity to faults (H_ performance)
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Multiobjective synthesis : FFD-UIO

2 2
( ) ( )r t f t

 Aims to achieve:

1- For d=0 and f=0: the filtering error 
system is asymptotically stable.

2- for d≠0: the H performance from 
d(t) to r(t) is less than a given positive 
scalar  in the middle frequency domain.

3- for f≠0: the H_ performance from f(t)
to r(t) is greater than a given positive 
scalar β in the low frequency domain.
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• Pour d(t)≠0, performance H :

 Theorem : Robustness to disturbances
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(LMI-R)

Robustness to disturbances - FFD

Multiobjective synthesis : FFD-UIO

2 2
( ) (r t d t 

 Aims to achieve:

1- For d=0 and f=0: the filtering error 
system is asymptotically stable.

2- for d≠0: the H performance from 
d(t) to r(t) is less than a given positive 
scalar  in the middle frequency domain.

3- for f≠0: the H_ performance from f(t)
to r(t) is greater than a given positive 
scalar β in the low frequency domain.
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 Theorem : Asymptotic stability of e(t)
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(LMI-AS)

• For d(t)=0 & f(t)=0

Observer convergence conditions
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Multiobjective synthesis : FFD-UIO
 Aims to achieve:

1- For d=0 and f=0: the filtering error 
system is asymptotically stable.

2- for d≠0: the H performance from 
d(t) to r(t) is less than a given positive 
scalar  in the middle frequency domain.

3- for f≠0: the H_ performance from f(t)
to r(t) is greater than a given positive 
scalar β in the low frequency domain.
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LMI Design conditions : FDD
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If these conditions are satisfied, then the observer parameters :

(LMI-R), (LMI-S), (LMI-AS)

A. Chibani, M. Chadli, P. Shi. Fuzzy Fault Detection Filter Design for T-S Fuzzy Systems in
Finite Frequency Domain. IEEE Transactions on Fuzzy Systems 25 (5), 1051-1061, 2018.

Multiobjective synthesis : FFD-UIO
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 Aims to achieve:

1- For d=0 and f=0: the filtering error 
system is asymptotically stable.

2- for d≠0: the H performance from 
d(t) to r(t) is less than a given positive 
scalar  in the middle frequency domain.

3- for f≠0: the H_ performance from f(t)
to r(t) is greater than a given positive 
scalar β in the low frequency domain.
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Illustrative example:

Multiobjective synthesis : FFD-UIO

with



Fault f(t)
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No solution (UIO) with the Full Frequency Domaine approach

Illustrative example:

Multiobjective synthesis : FFD-UIO



Solution :

1
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• Frequency of signal d(t) :
1 2

0{ 5 1| }.m
d d d d d d          

• Frequency of signal f(t) : { | . }0 3
l

l
f f f f f        

Illustrative example:

Multiobjective synthesis : FFD-UIO
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Sensitivity to faults: without H_ Sensitivity to faults: with H_

A. Chibani, M. Chadli, S.X. Ding, NB Braiek. Design of robust fuzzy fault detection filter for
polynomial fuzzy systems with new finite frequency specifications. Automatica 93, 42–54, 2018.

maximisation of sensitivity (with H_)

Illustrative example:

Multiobjective synthesis : FFD-UIO
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Agent - i : LPV, T-S 

Agent  
i: 1..4 Multi-Agents Systems

 Event-Triggered Control/Estimation
for Cyber-Physical Systems

 Distributed FTC/FDI

 Fractional-order systems

Multiobjective synthesis : FFD

Perspectives
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